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In the present time we observe a growing number of pub-
lications where the, so-called, flow equations are successfully
used to diagonalize Hamiltonians by means of an appropriate
unitary transformation. Here we discuss and compare the flow
equations (FE) method (proposed in 1994) with the method
of continuous unitary transformations (CUT) (proposed in
1982). It is shown that the FE method can be considered as
a complicated modication of the CUT approach. The CUT
method gives linear dierential equations for the diagonaliza-
tion procedure. In the FE method the system of dierential
equations is nonlinear. Finally we discuss the generalization
of CUT method idea for the case of quantum equations of
motion (Heisenberg picture and density matrix).
I. INTRODUCTION
Unitary transformations play an extremely important
role in physics. For example, with the help of unitary
transformation sometimes it is possible to simplify a
problem of interacting quasiparticles by eliminating \in-
convenient" interaction terms from initial Hamiltonian
and construct corresponding eective interaction terms.
In the present time we observe a growing number of
publications (see, [1], [2], [3], [4], [5], [6], [7], [8], [9], [10],
[11], [12], [13], [14]), where the, so-called, flow equations
(FE) method is successfully used to diagonalize Hamilto-
nians by means of an appropriate unitary transformation.
This method looks very convenient and universal. The
transformed Hamiltonian appears as a result of solving
dierential equations on some formal parameter.
It should be noted that quite the same idea and an
analogous method (Safonov, 1982 [15], 1983 [16]) to con-
struct unitary transformation were published far before
the original paper on FE method (Wegner, 1994 [1]) and
just did not attract enough attention of researches. For
convenience, we shall call the approach of Refs. [15], [16]
as a continuous unitary transformation (CUT) method.
The goal of the present paper is to discuss and com-
pare FE and CUT methods. As it will be shown later,
the FE method can be considered as a complicated mod-
ication of CUT approach. The only dierence between
the methods is that the unitary transformation genera-
tor is assumed to be dependent on a formal parameter
in the FE method and the generator does not depend on
the parameter in the CUT method. It is obvious that
both the parameter dependent and the parameter inde-
pendent generators should give nally the same result of
transformation. Thus the only criterion of whether FE
or CUT method represents more convenient tool is their
simplicity. In the FE method we should solve a nonlinear
system of dierential equations and in the CUT method
corresponding dierential equations are linear. Below we
shall demonstrate this fact by two examples.
It is interesting that the CUT method idea can be ap-
plied to the case of quantum equations of motion. Re-
cently Mista and Filip [23] have developed a method of
non-perturbative solutions of nonlinear Heisenberg equa-




Here we shall formulate the key idea of the CUT
method [15], [16]. A general form of unitary transfor-
mation can be written as
~H() = eθRHe−θR (1)
where  is a formal parameter, R is an anti-Hermitian op-
erator (Ry = −R), H and ~H are the initial and trans-
formed Hamiltonians, respectively. The expression (1) is
the solution of the equation
d
d
~H() = [R; ~H()] (2)
with the initial condition ~H(0) = H .
In order to solve this equation we should write the most
general form of ~H() as the expansion in terms of opera-
tor combinations with unknown -dependent coecients.
The most general form of R as anti-Hermitian operator
combinations also should be used.
After substituting these general (for ~H() and R) ex-
pressions into (2), one can obtain a set of linear dier-
ential equations by comparing coecients in analogous
operator compositions in both sides. Solving these equa-
tions with the initial conditions, we obtain the trans-
formed Hamiltonian ~H(). In order to eliminate ‘incon-
venient’ terms one needs to put their coecients (for ex-
ample, for  = 1) equal to zero. This condition denes
the choice of R.
The CUT method rst has been applied for the spin
Hamiltonian diagonalization [15], [16]. Then it was
successfully used in physics of nuclear spin waves [17],
magnon-impurity interactions [19], theory of supercon-
ductivity [19] and for eliminating three-boson interac-
tions [20].
1
A. Flow equations for Hamiltonians
The flow equations method [1] begins with a general
form of a unitary transformation:
H(‘) = U(‘)HU y(‘); (3)
where ‘ is a continuous flow parameter. The Hamiltonian
H(‘) is transformed from the initial Hamiltonian H(0) =
H . Dierentiation (3) yields
d
d‘





U y(‘) = −y(‘): (5)
The generator (‘) should be chosen in an appropriate
way to obtain a diagonal Hamiltonian. Usually it is
(‘) = [Hd(‘); H(‘)]; (6)
where Hd(‘) is the diagonal part of H(‘).
Let us now compare FE procedure with the CUT
method. One can see that with an accuracy of notations
the only dierence is in the parameter dependence of the
generator (‘). If  does not depend on ‘ we have U(‘) =
exp(‘). This case, obviously, exactly corresponds to the
CUT method. If U(‘) = exp(RF (‘)), where R is the pa-
rameter independent anti-Hermitian operator and F (‘)
some function on ‘, then (‘) = (dF (‘)=d‘)R. The Eq.(4)
in that case can be written as
d
(dF (‘)=d‘)d‘
H(‘) = [R; H(‘)]: (7)
This equation is reduced to Eq.(2) using a simple change
of variable d = (dF (‘)=d‘)d‘.





ing R1 and R2 anti-Hermitian operators one has (‘) =
(dF1(‘)=d‘)R1+(dF2(‘)=d‘)R2. The diagonalization pro-
cedure in this case can be considered as a two trans-









unitary operators. Each transformation
is described by (7) with R1, F1(‘), or R2, F2(‘). Thus,
it is simple to understand that the case of parameter de-
pendent generator (FE method) can be considered as a
modication of CUT method where generator does not
depend on a formal parameter. Moreover, this modica-
tion leads to nonlinear dierential equations for the di-
agonalization procedure. We shall demonstrate this fact
by two examples.
III. EXAMPLE 1. QUADRATIC FORM
DIAGONALIZATION
















where ayq, aq and b
y
q, bq are the creation and annihilation
Bose operators. Applying flow equation
d
d‘









−q − aqb−q); (10)







gq(‘) = −fq(‘)gq(‘): (11)
The solutions of (11) are





















is the spectrum of the diagonal (at ‘!1) Hamiltonian
(8),.
Let us now consider the analogous diagonalization pro-
cedure in the framework of the CUT method. For conve-
nience, the same notations will be used. We choose the








−q − aqb−q); (15)
where Gq is unknown function independent on ‘. From
(9) it is simple to obtain linear dierential equations
d
d‘
fq(‘) = −Gqgq(‘); d
d‘
gq(‘) = −Gqfq(‘): (16)















Let the Hamiltonian (8) at ‘ = 1 becomes diagonal:












q = fq(1) =
q
f2q(0)− g2q(0): (19)
IV. EXAMPLE 2. ELECTRON-PHONON
COUPLING
The elimination of electron-phonon interaction to ob-
tain the eective electron-electron scattering is a popu-
lar example to demonstrate the FE method [3], [21], [22].
The Hamiltonian is























k+qck + h:c: (22)









is the Hamiltonian of electron-electron interaction.
The generator is taken in the form:









with the energy dierence
k,q = "k+q − "k + !q: (25)
This generator yields several contributions to dH(‘)=d‘ =
[(‘); H(‘)]. The contribution to the change of Mk,q(‘)





Mk,q(‘) = Mq exp(−2k,q‘); (27)
where Mq is the initial electron-phonon coupling. For
k,q 6= 0 the solution (27) eliminates the electron-phonon
interaction from the Hamiltonian at ‘ ! 1. The con-
tribution to the eective electron-electron interaction is
obtained from [(‘); He−ph(‘)]. For the electron pairs









!2q + ("k+q − "k)2
: (29)
Let us now consider the same diagonalization in the
framework of CUT method. We take the parameter in-









k+qck − h:c: (30)
In this case the diagonalization procedure gives the fol-








From (31) we obtain
Mk,q(‘) = Mk,q(0)− k,qRk,q‘ (33)
Let the electron-phonon Hamiltonian (22) vanishes at ‘ =
1: Mk,q(1) = 0. From this condition we immediately nd
Rk,q = Mk,q(0)=k,q: (34)
Simple solution of (32) with (33) and (34) gives
Vk,−k,q(1) = Vk,−k,q(0)− Mk,q(0)M−k−q,q(0)!q
!2q + ("k+q − "k)2
: (35)
Taking into account that the initial electron-phonon cou-
pling Mk,q(0) = M−k−q,q(0) = Mq (see, (27)), we see
that Eq.(35) and (29) coincide with each other.
V. NON-PERTURBATIVE SOLUTION OF
QUANTUM EQUATIONS
A. Heisenberg picture





A(t) = [A(t); H(t)] (36)
can be rewritten in the form:
d
dt
A(t) = [iH(t)=h; A(t)]: (37)
Formally this equation is similar to (2) (or, (4) for time-
dependent Hamiltonian): time t plays a role of a formal
parameter and iH(t)=h is an anti-Hermitian operator.
As in the CUT method, we can write the most general
form of A(t) as the expansion in terms of operator combi-
nations with unknown time-dependent coecients. After
substituting these form into (37) with a given iH(t)=h,
one can obtain a set of dierential equations by com-
paring coecients in analogous operator compositions
in both sides. These equations will be linear for time-
independent H and nonlinear for time-dependent H(t).
Then we solve these equations with the initial conditions
dened by A(t) = A(0). Recently Mista and Filip [23]
have developed this idea as a method of non-perturbative
solutions of nonlinear Heisenberg equations with an illus-
trative example of two coupled harmonic oscillators.
B. Density matrix
It is obvious that a quite analogous idea can be applied
for the density matrix. In this case we can write the
density matrix equation as
d
dt
(t) = [−iH(t)=h; (t)]; (38)
where −iH(t)=h plays a role of \transformation genera-
tor".
As an illustration consider a system of nuclear spins





j is the Zeeman energy and Hint describes spin-
spin interactions. As an initial state assume the trans-
verse magnetization. In the high temperature approx-
imation one can write (0) = 1 −  Pj Ixj . Then
the density matrix can be represented as (t) = 1 −P1
n=1 n(t), where n(t) describes compositions of







. From [H0;−1(t)] we obtain
dierential equations dXj(t)=dt = −!0Yj(t), dYj(t)=dt =
!0Xj(t) and solutions Xj(t) =  cos!0t, Yj(t) =
 sin !0t, where !0 = B=h is the nuclear magnetic reso-
nance frequency Contributions to two spin motions can
be found from [H0;−2(t)] + [Hint;−1(t)] and so
on. This example can demonstrate how the energy accu-
mulated in the magnetization goes to higher order spin
motions.
VI. CONCLUDING REMARKS
Thus we have demonstrated that the flow equations
method [1] can be considered as a complicated modica-
tion of our method [15], [16] of continuous unitary trans-
formations. The diagonalization procedure is dened by
nonlinear dierential equations in the FE method and
by linear dierential equations in the CUT method. It
is not surprising that ‘flow equations’ were impossible
to solve by other than numerically for several problems
(see, e.g., [10], [11], [13], [14]). It is interesting to analyze
these problems in the framework of CUT method (with
parameter independent generator), which gives linear di-
agonalization equations that can be solved analytically.
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